1.5 Inverse of Laplace Transform

Inversion by partial fraction
The inverse of the laplace could be obtained from tables for simple functions but for

more complicated function partial fraction is needed

LLf(s) = f(t)

1- Partial fraction

Example:
A _ 9% N a,
(s+a)(s+b) (s+a) (s+hb)
A=a,(s+b)+a,(s+a)

o, ="?

o, ="?

Example:

A % o
(s+a)(s+b)?> (s+a) (s+b) (s+b)?

Example:

A o, os+a,
(s2+w?)(s+a) (s+a) (s?+w?)

Example: Solve the IVP y"—y =t, y(0) =1, y'(0) =1.
Solution:

Step 1:Take Laplace Transform: (s2Y(s)—s—-1)-Y(s) = iz (subsidiary equation)
S

1
S+1+—
2 3 2
Step 2:Solve for Y(s) = Y (s)=——> = 23 s 4l :ﬁ2+E c,b
s° -1 s(s-1)(s+1) s s s-1 s+1

3 2 3 2
Then: A= > > 1 | =-1, ZSZL” :§,
(s=1)(s+1)| S2(s+1)|_, 2
3, a2
D= 52+—S+1 = —land lastly, to find B, substitute s =2, e get
s°(s-1) |,
E:—E+E+§—land obtain B =0.
12 4 2 2
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1
Step 3: Solve fory(t): Y(s) = —iz 22 =
s© s—-1 s+1

y(t) =LY ()] =—t+3e' —Le

Example:
o, .d3% d%x dx B 2t
Find L [F+2dt—2—a—2x_4+e ]
where
x(0)=2 , x(0)=0 , X' (0)=-1
Solution:
[s3x(s)—52X(0)—sx'(0)—X"(0)]+2[s*x(s)—sx(0)—Xx(0)]—[sx(s)—x(0)] —2x(s)
_4 1
s (s-2)
[ssx(s)+232x(s)—sx(s)—2x(s)]—52+1—25+1:ﬂ+ !
s (s—-2)
3 2 _f 2 _
[s® +2s —s—2]x(s)_s+(s_2)+s +25—-2
X(s) = 1 M=) +s+ (s? +2s—2)(s)(s—2)
(P +2s2 —s—2) s(s—2)
s* —6s% +95 -8
X(s)=
s(s—2)(s+1)(s+2)(s-1)
X(S):&x %y ) A3 Ay

s (s-2) (s+1) (s+2) (s-1)

s* —65° +9s—8=0,(s—2)(s+1)(s+2)(s-1)+a;5(s+1)(s+2)(s-1)
+0a,5(S—2)(s+2)(s—1)+as8(s—2)(s+1)(s—-1)+a,s(s—2)(s+1)(s+2)
assume s=0
—8=0,(-2)(1)(2)(-1)

_—8_
°T 14
assumes =2 = o, =1/12

a -2

assumes=-1 =, =11/3
assumes =-2 = a, =-17/12

assumes=1 =, =2/3
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2 1/12 11/3 17/12+2/3
S s 2 s+1 s+2 s-1

X(s) =

U 17 a2

X(t)=-2+ ie
12 3 12

1.6 Final Value Theorm
lim f(t)=Ilimsf(s)
t—oo s—0

1.7 Initial Value Theorm

lim f(t) = lim sf (s)
t— S—00

Example:
Find the final value of the function x(t) for which the laplace inverse is:-

X(s)= ;
s(s®+3s*+3s+1)

limx ()= limsi(s)=lim _ 35X13 5
e 5505( 5% + 352 + 35 +

=lim 1
-0 (s +3s? +3s +1)

1.8 Special Functions
1- Step function
0 t<0 A pP—>
f(t)=
t>0

0 Time

f(s)=2

If A=1 the change is called unit step change

0 t<0
f(t)=
(1) {1 t>0

f(s)=
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Step function with Time Delay

0 t<a \
f(t)=
A t>a A — S

f(s):ée‘aS
s

0 a Time

2. Pulse function

0 a Time

if A=1=>unit Pulse

N
\ Area=1

~

3. Impulse function A

Unit Impulse Time

4

0 t<0 A
f(t)=4A 0<Zt<dt
F(t) ot
0 t>dt
f(s)=area= Axot < rime

4. Ramp function

f(t)
Slope=A

f(t)

Time
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Ramp function with time delay

f(t)
Slope=A
f(t)
a Time
4
A T
0
o ANA
() {Adnmﬂ \\///
-AV

1.9 Disturbance function (complex function)

A

01 4 5 6 7\\i///

2t 0<t<l1
2 1<t<4
-2t 4<t<5

f(t)=+<0 5<t<6
-2t 6t<7
2t 7<t<8
0 t>8

f(t)=2t—2(t-1)—2(t—4)+2(t-5)—2(t—6)+2x 2(t—7)—2(t —8)

2 2 -S 2 —4s 2 -5s 2 —6s 4 —7s 2 —8s
f(S):—Z——Ze ——Ze +—Ze ——Ze +—Ze ——Ze

S S S S S S S
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Example:

f(t)=t—(t-1)+2(t-3)=2(t—4)+(t-5)

1 1 2 _ 2 _ 1 _
f(S)=—2——Ze s +—Ze 3 ——2e 4s +—Ze 5
S S S S S
Example:
F(t
Slgpe=b Slope=-b
0 a 2a

f(t)=bt—2b(t—a)+b(t—2a)

b 2b b
f S :___e—as+_e—2as
(s) s? g2 52
Example:
0.5
0 0.5 15 2 3 3.5
-5
f(t)=—05+15(t-0.5)-0.55(t -1.5)+0.55(t —2)—156(t —3)+ 0.55(t — 3.5)

—Ze
S S S S S S

f(s):_%+le—055 _%e—l.SS +%e—25 1 -3s +%e_3,55
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Solved problems

1. Determine the inverse Laplace transform

(){ } §L1{ 1 s}gtzem
(2s+5)°| 8 (s+5/2) 16

(g )5 e

2s® +5+3

(b) Ll|: s—1 }_2 a4 o \/_t 5 e gin

2. Determine the partial fraction expansion

—8s*-55+9 1 2 11

(a) 2 - + -
(s+1)(s*—-3s+2) s+1 s-1 s-2
(s+2)(s*+9) s+2  $°4+9  s*+9

3s? +55+3 3s°+5s+3 3 2 1 1

(c) = =3 tT2t2
s'+5¢° s*(s+1) s s s (s+1)

(d) s2 211 2+1 1 11
(s-D(s°-1) 2(s-1)° 4(s-1) 4(s+))

2. Determine L {F ()}

(a)
Fy=_ St 51 51
(s-D(s+3) s-1 s+3

= L'[F(s)]=3¢"—2¢™

i
4

(b)
3_ 2_
F()=/S-2s~%+6_ 3, 1,6
s°(s—2) s° s s-2
-1 3 2 2t
L [F(s)]:—Et +1+6e
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